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2 : PERTURBATION METHODS
w =3
Then (24) becomes P
u} +uy =% cos 37

which has the general solution
1) (7) = €1 COS T + C2 §In 7 + 35 €08 37
The initial conditions on #; lead to
) (7) = 3 (co§ 37—~ cos 7)
Therefore a first-order perturbation solution of (13) is
u(r) = cos 7+ F;€(cos 37 —cos ) + -+
where
T+ dEf4

This method is successful on a number of similar problems and it is one of a
general class of multiple-scale methods (see, €.g., Jordan and Smith {4}).

Generally, the Poincaré-Lindstedt method works successfully on some (not
all) equations of the form

y” +wly=ceF(t,y,y)0<exl

v

These are problems whose leading order is oscillatory with frequency wo. The
basic technique is to change variables to one with a different frequency, 7 =
(wo + w €+ ...)t, and then assume y = y(7) is a perturbation series in €.

Asymptotics

With insight from the two previous examples we now define some notions
regarding convergence and uniformity. It has been observed that substitution
of a perturbation series into a differential equation does not always lead to a
valid approximate solution. Ideally we would like to say that a few terms in a
truncated perturbation series provides, for a given ¢, an approximate solution
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REGULAR PERTURBATION a 43
for the entire range of the independent variable f. Unfortunately, as we have
seen, this is not always the case, Failure of this regular perturbation method is
the rule rather than the exception.

To aid in the analysis of approximate solutions we introduce some basic
notation and terminology that permits the comparison of two functions as their
common argument approaches some fixed value.

Definition 1.1 Let f(£) and g(e) be defined in some neighborhood (or punc-
tured neighborhood) of £ = 0. We write '

f&) = olg(e)) as e—->0 (25)
if
i
el
and we write
fe)=0() a &0 (26)

if there exists a positive constant M such that

If@) s Mg
for all & in some neighborhood (punctured neighborhood) of zero.

In this definition € —> 0 may be replaced by a one-sided limit or by € — &,
where g9 is any finite or infinite number, with the domain of f and g defined
appropriately. If (25) holds, we say f is little oh of g as € —> 0, and if (26)
holds we say f is big oh of g as € — 0. A common comparison function is
g() = €" for some exponent n; another comparison function is g(€) = €”In" €
for exponents s and n.

The statement f(g) = O(1) means f is bounded in a neighborhood of £ = 0
and f(£) = (1) means f(£) — 0 as € — 0. If f = o(g), then f goes to zero faster
than g goes to zero as € — 0. . ‘

. -

Example 1.3 Verify €2 In €= o(g) as £ —> 0*. By L'Hopital’s rule

i glne Jim ne . (1/e)
gm0t € e-0t (1/8)  eoot (~1/e1)




4 PERTURBATION METHODS

Example 1.4 Verify sin € = O(€) as € — 0*. By the mean value theorem in
calculus there is a number ¢ between 0 and € such that

sin g—sin 0
Y—————— =c0s ¢

e-0
Hence |sin &] = |ecos c| £ |e], since | cos ¢{ < 1. An alternate argument is to
note that (sin £)/e — 1 as ¢ — 0*. Since the limit exists the function (sing)/e
must be bounded for 0 < € < g, for some €. Therefore [(sin g)/e| < M, for
some constant M and sin £ = O(g).

Definition 1.1 may be extended to functions of € and another variable ¢ lying
in an interval I, First we review the notion of uniform convergence. Let ht,€)
be a function defined for ¢ in a neighborhood of € = 0, possibly not including
the value € = 0 itself, and for f in some interval I, either finite or infinite. We
say .

lim h(¢,€) = O uniformly on I
£—0

if the convergence to zero is at the same rate for each t € I that is, if for
any positive number » there can be chosen a positive number £, independent
of t such that Jh(t,€)] < u for all 1 € I, whenever [g] < &. In other words,
if h(z,€) can be made arbitrarily small over the entire interval I by choosing €
small enough, then the convergence is uniform. If merely lim ¢ ,0f(te,8) = 0
for each fixed o € I, then we say that the convergence is poinfwise on I

One method of proving lim ¢, h(?, €) = 0 uniformly on I is to find a functiocn
H(g) such that the inequality {h(z, €)| S H(e) holds for all ¢ € I, and having the
property H(g) — 0 as € —> 0. To prove that convergence is not uniform on I
it is sufficient to produce a 7 € I such that ji(7,€)] < % for some positive 9,
regardless of how small £ is chosen.

Definition 1.2 Let f(1,€) and g(t,€) be defined for all t € I and all e in a
(punctured) neighborhood of e = 0. We write

f(t.8) = o(g(t,8) a5 £—0

lim ft,€)

e-0 | g(t,€) =0 @7

pointwise on 1. If the limit in (27) is uniform on I, we write f(t,€) = o(g(t, €))
as € —> 0 uniformly on 1. If there exists a positive function M () on I such that
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[£(t, )] < M(Dig(, &)
for all t € I.and & in some neighborhood of zero, then we write
f(r,8) = O(g(t, &) as e, tel
If M(1) is a bounded function on I, then we write
f{t,€) = Ofgt, €) as £—0, uniformily on 1
The big oh and little oh notations permit us to make quantitative statements
about the error in a given approximation. In general, the following definition
holds. .
Definition 1.3 A function y.{t,€) is a uniformly valid asymptotic approxima-
tion to a function y(1,€) on an interval I as € —> O if the error E(,¢) defined
by
E(t,€) = y(1,£) - ya(t, €)
converges to zere as € — 0 uniformly for t € I.
We often express the fact that E(t, £} is little oh or big oh of €" (for some n)
as € — 0 to make an explicit statement regarding the rate that the error goes’

to zero and whether or not the convergence is uniform.

Example 1.5 Let

y(t, €)= €', t>0, el

The first three terms of the Taylor expansion in powers of £ provide an approx-
imation

Yalt,€) = 1 — 1+ J ’e?

The error is

1 1
_ e _ 2.2 O
E(r,e)=¢ 1+12 —218 = m3!ta+

For a fixed ¢ the error can be made as small as desired by choosing & small A
enough. Thus E(t,&) = o(e?) as € — 0. If ¢ is fixed, however, regardless of
how small, t may be chosen large enough so that the approximation is totally
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invalid. This phenomenon is illustrated in Fig. 2.3, Thus the approximation is
not uniform on I = [0;). Clearly, by choosing t = 1/e we have E(1 Je,€) =
¢! — L, which is not small. We may not write E(t,€) = og) ase —> 0,

uniformiy on [0,2). _

The difficulty of these definitions with regard to differential equations is that
the exact solution to the equation is seldom known and thus a direct error esti-
mate cannot be made. Therefore we require some notion of how well an approx-
imate solution satisfies the differential equation and the auxiliary conditions. For
definiteness consider the differential equation in (1). We say that an approxi-
mate solution y.(f, €) satisfies the differential equation (1) uniformly for t € 1

ase— 0 if
r(t,e) = F(t, Valt, ), Valts £), ¥al(t, €),8) = 0

uniformly on I as e = 0. We can regard r(#,€) as the residual error, that is, it
measures how well the approximate solution y,(t, €) satisfies the equation.

Example 1.6 Consider the initial value problem

5492 +ey=0, t>0, 0<exl
y® =0, 0y =1

Substituting the perturbation series y = Yo + €Y1 + -+ gives the initial value
problem

Yo +¥5 =0, t>0
yo@ =0,  Fo@=1

for the leading-order term yo. It is easily found that yo(f) = in{s + 1) and hence

Figure 2.3 Comparison of y(t,€) (solid) and yq(t,€) (dashed) for & = 0.1, 0.05.
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r(t,€) = Yo+ ¥o + ey = eln(t + 1)

Thus r(t,€) = O(g) as £ —> 0, but not uniformiy on [0, o), On any finite interval
[0, T, however, we have |eln(t+1)] Seln(T+1), and so r{t, €)= Ofg) ase — 0
uniformly on [0, T'].

Specifically, the regular perturbation method produces an expansion

Yolf) + y1(D)e + ya(1)e? + -
for which an approximate solution can be obtained by taking the first few terms,

Such an expansion in the integral powers of ¢, that is, 1, g, £2,.. ., is called an
asymptotic power series. In some problems the expansion is taken to be

yo(f) +y|(t)«/é+ (e + y:;(t)g?’/z I

in terms of the sequence 1, g2 g e¥2,.... In yet other problems we assume
an expansion

yol)In e+ y (Neln €+ y2(De+ ys()e? In* e+ yg(e In e+ ys(Ne? + -+

The type of expansion depends on the problem. In general we say a sequence
{g.(t,€)} is an asymptotic sequence as € = O, t € [, if

gni1(t,8) = olgu(r,€)) as € >0
for n=0,1,2,,... That is, each term in the sequence tends to zero faster than

its predecessor as £ — 0. Given a function y(f, €) and an asymptotic sequence
{g.(t,€)} as € — 0, the formal series

=

Z a,g.(t, £), a, constants (28)
n=0

is said to be an asymptotic expansion of y(t,€) as € - 0, if

N
y(f,e) — z a,g.(1,8) = o(gn(t, e)), as £—>0
n=0

for every N, In other words, for any partial sum the remainder is little oh of
the last term. If the limits just cited are uniform for ¢ € [ then we speak of a
uniform asymptotic sequence and uniform asymptotic expansion. In most cases
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48 PERTURBATION METHODS

the sequence {g,(1,€)} is of the form of a product g,(t, €) = ya(t)da(2) as in the
previous examples.

The formal series (28) need not converge. The value of such expansions,
although perhaps divergent, is that often only a few terms are required to obtain
an accurate approximation, whereas a convergent Taylor series may yield an
accurate approximation only if many terms are calculated.

A rather obvious question arises at this point. If a given approximate solu-
tion y,(t, €) satisfies the differential equation uniformly for £ € 1, is it in fact a
uniformly valid approximation to the exact solution y(f, £)? A complete discus-
sion of this question is beyond the scope of this book, but a few remarks are
appropriate in order to caution the reader regarding the nature of this problem,
Probably more familiar is the situation in linear algebra where we consider a
linear system of equations

Ax=h

IS

Let x, be an approximate solution. A measure of how well it satisfies the system
is the magnitude |r| of the residual vector r defined by

r=Ax,—b

If r = 0, then X, must be the exact solution X. But if |r} is small, it does not nec-
essarily follow that the magnitude |e| is small, where e =X X, is the error, or
difference between the exact solution and the approximate solution. In ill-con-
ditioned systems where detA is close to zero, a small residual may not imply a
small error. A similar state of affairs exists for differential equations. Therefore
one must proceed cautiously in interpreting the validity of a perturbation solu-
tion. Numerical calculations or the computation of additional correction terms
may aid in the interpretation. Often a favorable comparison with experiment
teads one to conclude that an approximation is valid.

Exercises

1.1 In a spring-mass problem (see Fig. 2.2) assume that the restoring force
is —ky and that there is also a resistive force numerically equal to ay?,
where k and @ are constants with appropriate units. With initial condi-
tions y(0) = A, y(0) = O determine the correct time and displacement
scales for small damping and show that the problem can be written in
dimensionless form as

¥+ (7)Y +¥=0
F0)=1, ¥ (=0
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1!2

13

1.4

1.5

1.6

where € = aA/m is a dimensionless parameter and prime denotes the
derivative with respect to the scaled time 7.

Consider the initial value problem

W —u=ctu, t>0, w=1, «@O)=-1

Find a two-term perturbation approximation for 0 <& <<'1 and compare
it graphically to a six-term Taylor series approximation (centered at f = 0)
where £ = 0.04. Use a numerical differential equation solver (e.g., in
Maple) to find the “exact” solution and compare.

Verify the following order relations:

(@) t*tanh 1= O(2) ast > o

(b) exp(—-) =0(1) as t - o0

(© Ve(l-€ =0/ ase >0

(d) Ve | O ) ase — 0
I-cose

(&) t=0(1Hast >

() exp(e)—1=0(e)ase =0

£
( J exp(—x3)dx = 0(e) as &> 07
0

(h) exp(tan €)= 0{1) ase >0
(i) e€=0(cP)ase—>coforall p>0
(j) ne=oeP?)ase—> 0" foralip>0

Consider the algebraic equation ¢(x,£) = 0, 0 <e<< 1, where ¢ is a
function having derivatives of all order. Assuming ¢{x, 0} = 0 is solvable
to obtain xo, show how to find a three-term perturbation approximation
of the forn x = Xp + Xj& + X282, What condition on ¢ is required to
determine x; and x,? Find a three-term approximation to the roots of
exp(ex) = x* - L.

Use the Poincaré-Lindstedt method to obtain a two-term perturbation
approximation to the following problems:

@ ¥y +y=eyy? y0)=1y(0)=0.

() y” +9y=38y*, y0)=0,y'(0)=1

© y”+y=ey(1-y%, y©0)=1Ly(©)=0.

To find approximations to the roots of the cubic equation
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x} = 4.001x+0.002 = 0

Why is it easier to examine the equation

X — (d+e)x+2e=07
Consider the algebraic system

0.01x +y=0.1
x+ 101y =11

In the first equation ignore the apparently small first term 0.01x and
obtain an approximate solution for the system. Is the approximation a
good one? Analyze what went wrong by examining the solution of the
system

ex+y=0.1
x+101ly=11

In Section 1.3 we obtained the initial value problem

d2h _9 ’
SN _(+eny?,  RO)=0, K(@©=1 O<e<l
de?

governing the motion of a projectile. Use regular perturbation theory to
obtain a three-term perturbation approximation. Up to the accuracy of g2
terms determine the value #,, when h is maxitnum. Find fipnax = A(1,) up
through €2 terms.

In Exercise 3.9 of Chapter 1 the pendulum problem was scaled to oblain
the initial value problem

fi_zi sin AG

, N O0<A
de+ 3 0 7>0 «< 1

g =1, ii‘-‘t}_(O):O
o dr

Apply the regular perturbation method to find a two-term expansion,
Show that the correction term is secular and comment on the validity
of the approximation.

Consider the initial value problem y” = ey, 0 < & < 1, y(0) = 0,

20,5 €0 (90.9) F-

Y= 0. Fi0.5"
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¥’(0) = 1. Using regular perturbation theory obtain a three-term approx-
imate solution on t 2 0. Does the approximation satisfy the differential
equation uniformly on r 20 as € > 0*?

1.11 Consider the boundary value problem

Ly=t%+e’y4 }y=0, 1St<e, 0<ex]l
=1, ye)=0

(a) Using regular perturbation find the leading-order behavior yy(?).

{b) Compute an upper bound for |Lyp] on 1 <1 < e when &= 0,01. Can
you conclude that yp is a good approximation to the exact solution?

1.12 Find a two-term perturbation solution of

Wtu=

Tren =0, O<exl

2.2 SINGULAR PERTURBATION

- Failure of Regunlar Perturbation

There are many instances when a straightforward application of the regular per-
turbation method fails. We do not mean failure for large ¢ due to the appearance
of secular terms in the perturbation series as occurred in Example 1.2, but rather
a different failure. Often, with a perturbation series some problems do not even
permit the calculation of the leading-order behavior because the perturbed prob-
lem is of totally different character from the unperturbed problem. The origins
of this type of singular behavior will be investigated in the sequel.

The exposition in this section is deliberate and tutorial in nature, and some
of the points are subtle and warrant a careful examination. The material herein
does not lend itself well to a definition—theorem—proof format, but is instead
a discussion that is motivational and intuitive. With these remarks in mind we
begin with an example that illustrates the salient points and the inadequacy of
a regular perturbation calculation on a finite interval.

Example 2.1 Consider the boundary problem

ey’ +(1+8)y +y=0, 0<r<d, O<ex1
y(0) =0, y)=1 (1)

Let us assume a perturbation series of the form



SINGULAR PERTURBATIONS: BOUNDARY LAYER ANALY-
SIS

Theorem: Consider the boundary value problem

ey +p)y talty = 0,0<t<l0<e<<],

where p and q are continuous functions on 0 <t <1andp(t) >0 for
0 <t < 1. Then there exists a boundary layer at t = O with inner and outer
approzimations given by

yi(t) =Cr +{a - Cy)e POe,
Yo(t) = bexp (j;l %%Z—;ds)

= bex lg(wi)-s
Cl_b'p(ﬂ p(s)d)

where

Problems:
(7) Consider the following boundary value problem

ey +(L+e)y+y = 0,0<t<1 0<e<<
y(0) = 0, y(1)=1

Use singular perturbation methods to obtain a uniform approximate solution.

(8) Consider the boundary value problems

3



@) e+
y(0)

(i) ey +y' +y
y(0)

2t, 0<t <1, 0<e<<],
1, y(1) =1,

0, t>0,

0, ey/(0) = 1.

Use the singular perturbation methods to obtain a uniform approximate so-

lution.

(9) Consider the following boundary value problem

Y =—y+{y+ Nz
ez =y —{y+ w1z,

y(0) =1,

z(0) =0,

Use singular perturbation methods to obtain a uniform approximate solution

of this system of first order boundary value problem.

(10) Use singular perturbation methods to obtain a uniform approximate

solution to the following problems. In each case assume 0 < € << 1 and

0<t<l.

ey’ +24 +y=0,
(i) ey’ +9 +4° =0,
(iii)ey” + (1 +8)y =1,
(iv) ey +(t+ Dy +y =0,
(V) ey + % +y =0,
(viey” 4ty —ty =10,

y(O) =, y(l) =1,
y(0) = 1/4, y(1) = 1/2,
y(0) =0, y(1) =1+1In2,
y(O) =4, y(l) =1,
y(0) =0, y(1) = exp(-3/2),
y(0)=0, y(1) =,

(viiyey” + 2y +e¥ =0, y(0)=y(1) =0,

(viii) ey’ — (2 — )y = -1,

y'(0) =0, y(1) = 1.



THE WKB APPROXIMATION

The WKB approximation is a perturbation method that we shall apply to
the follwong type of boundary value problems

ey’ talx)y=0 0<e<<],
'+ (Np(2) +a(w)y =0, A>>1,
v +qlex)’y=0, 0<e<<l

We sall here consider only the first type of equations. Depneding on the

function g{x} we have two different types

Nonoscillatiry Case: g(z) = —k{z)* where k(2) > 0 then the WKB solu-
tion takes the form

Ywirrp = \/%61'1’ (é f: k(f)df) + f(i) cxp (“é /j k(‘f)df) (1

Oscillatory Case: g{z) = k(z)? where k(z) > 0 then the WKB solution
takes the form

WY KRB = 6:11 eTp ! Ik(f)df + ¢2‘ exrp t mk(f)df (2)
\/@ € Ja m € Ja

To find the arbitrary constants C; and Cs we need the boundary conditions.
As an illustration consider the following example. Find the WKB solution

and eigenvalues A corresponding to these solutions

¥+ Ag(z)y =0, 0 <z <m, y0)=y(r) =0,
where g{z) > 0 for all @ € [0, n]. This is oscillatory case with C = 0
niz?

(i Ja@ee)
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for large integer n.

Problems: {11} Find the WKB approximation of the following problem
¥~ )‘(1 + :::2)y =0, y(0)=0, yl(o) =1,

for large A.
(12} Show that the large eigenvalues of the problem

g+ Mz +m) 'y =0, y(0)=0, ylr)=0

are given by
On?

= 4974

for large integers n , and find the corresponding eigenfunctions

)\:/\n

(13) The slowly varying oscillator equation is

y" +qlex)’y =0

where € << 1 and ¢ is a strictly positive function. Find and approximate

solution. Why is the equation called slowly varying?
{(14) Find an approximation for the large eigenvalues of

YAy =0, 0<a<l, y(0)=y(1)=0.
{15) Find an approximation for the general solution of
Y+ (M2 =0, >0, A>>1
proceed as in the above oscillatory case by letting

Yy=ec, £=—
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ASYMPTOTIC EXPANSION OF INTEGRALS

Laplace Integrals

Theorem 2: Consider the integral

= "o h) e M dt, (3)

where o > 1, h{t) has a Taylor series expansion in the neighborhood t = 0,
with h{0)neO and where [h{t)] < ke® for some positive constants k and c.
Then (approzimately)

2 O {a+n+1)
I(A) = Z ?1!A“+n+1

n=q{

+EST, A— o0 (4)

where BST means exponentially small terms.

This theorem is sometimes called as the Watson’s Lemma.
Problems:
(16) Prove that

.
o= st x g,
0 t

!
~1o 2 Lo(hyy mst

for large A (A >> 1).
{17) Prove that

2 oo g2 2 _A2 1 F(3) F(S)
ﬁf,\ oAt~ e : ('2'1_(2/\)3+2!(2,\)5“"') (5)

Lemma 3: Let

I{\) = f: F)er® gt



where f is continuous and g is sufficiently smooth and has a unuque mazimum
at a point x = ¢ in (a,b). Then

—27

I(’\) ~ f(c)eAg(c) /\g”(c)‘

A>>1

Remark: If the point & = ¢ happens to be at one of the end points a or b
then the right hand side of the above expression should be divided by 2.

Lemma 3: Let .
I = / £ 90 g
where f is continuous and the mazimum of g occurs at t = b one of the end

point of the intervel with g'(t) > 0 for all t € {a,b]. Then

F(b) ghalb)
O~ )

for A>>1.

Problems : (18) Verify the following approximations for large A.

() fPe Mt +tNdt~E -1k, A>>1,
(i) fi VT Lt dtn [Tt A>> 1,

(i) [2 3 Fletridt ~ M2, A>>1

(19} Find a two term approximation for large A for

n/2
/ e—.\tanzﬁ 48
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